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Abstract 
This paper analyzes the risks found on dairy farms in the sub-artic region of 
Norway.  Risk is incorporated into the Linear Programming (LP) model 
developed by Asheim, Jorgensen and Havrevoll (2001) to evaluate 
management decisions on sub-artic dairy farms by transforming their LP 
model into a Successive Sample Mean Optimisation (SSMO) model.  The 
SSMO model incorporates risk by utilizing stochastic simulation in the 
framework of a mathematical model and developing a distribution for the 
optimal solution that is derived from the LP model. 

1 Introduction 
Asheim, Jorgensen and Havrevoll (2001) developed a Linear Programming (LP) model 

to study the management problems that farms in the sub-artic areas of Norway face due 

to failing roughage yields.  LP models have been widely used in farm level studies for 

dairy farms, and are quite useful for determining how to manage the activities on a farm 

to maximize profits; however, the basic framework of LP does not account for risk.  

This paper seeks to expand on the work of Asheim, Jorgensen, and Havrevoll (2001) by 

analyzing the risk associated with sub-arctic dairy farming. 

2 Methodology 
To incorporate risk into a mathematical programming problem there have been several 

augmentations to the standard LP model which fall under the category of Stochastic 

Optimisation (SO).  Most SO techniques find the optimal solution to a problem given 

the risks associated with the system.  Often times we are concerned with not only the 

single optimal solution but the distribution of the optimal solution. 



Successive Sample Mean Optimisation (SSMO) is a SO technique that estimates 

the distribution of the optimal solution from a LP model.  SSMO is the combination of 

LP and stochastic simulation.  The first step in running a SSMO model is to develop a 

deterministic LP model.  Once the LP model is validated, risk is incorporated into the 

model by identifying existing variables in the LP as stochastic variables and assuming a 

distribution for each stochastic variable.  After all of the stochastic variables in the 

model are defined a set of random variates is drawn and the LP is solved.  This process 

of drawing random variates and solving the LP is repeated for many iterations.  A 

distribution for the optimal solution is developed using the solution derived over all 

iterations simulated. 

SSMO was first suggested for agricultural problems by Johnson, Tefertiller, and 

Moore (1967).  Limited computing power made SSMO unfeasible and it was not widely 

used until recently.  SSMO resurfaced in the operations research literature in the 1990's 

with several studies including those by Healy (1992); Rubinstein and Shapiro (1993); 

and Plambeck, Fu, Robinson and Suri (1996).  In agriculturally related fields SSMO 

was used by Marshall, Jones and Wall (1997) in their study to analyze alternative 

farming strategies. 

Although Marshall, Jones, and Wall (1997) noted that advances in computing 

power made SSMO much more tractable, they still found difficulties in the mechanics 

of running an SSMO model.  The programming difficulties that faced Marshall, Jones, 

and Wall have been eliminated by a new software package, Simetar.  Simetar is a 

simulation add-in for Microsoft Excel that builds on Excel's user friendly functionality 

to make the development and execution of SSMO models quite simple (Richardson, 

Schumann, and Feldman, 2004). 

3 Study Area 
SSMO is particularly useful in extending the work of Asheim, Jorgensen, and Havrevoll 

(2001) given the risks that dairy farms in the sub-artic region of Norway face.  Sub-

arctic farming areas are defined as areas located north of the boundary at which wheat 

and barley may be profitable to produce (Elstrand, 1979).  One of the risks faced by 

dairy farmers in sub-artic areas is the short growing season that effectively limits the 

number of arable crops to different grasses or some green fodder species.  Fodder is 

utilized by ruminant animals on pasture or as feed during the winter.  Snow, ice carpet, 

and low temperatures cause winter damage on both meadow and pastures, which can 



result in a thinning of the plant carpet or even complete fallow land that has to be 

reseeded, creating further risks in fodder yield. 

Stochastic weather events in sub-arctic farming regions force dairy farmers to 

adjust their feed ration and production levels.  Only roughage can be produced in sub-

arctic areas, so dairy farmers purchase concentrate feeds.  In years with winter damage 

the farmers may either purchase roughage or more concentrate to keep incomes up and 

animal production stable.  Additionally, farmers may choose to slaughter some animals 

prematurely to balance feed availability to production.  Use of additional concentrate 

feed has to be balanced against the cost of concentrate within the feed ration constraints.  

Thus, farmers seeking to maximize income or profit must constantly adjust their 

management to unexpected changes in meadow yields. 

The pasture season in sub-arctic areas lasts only a few months, so most of the milk 

production has to take place indoors.  Whereas indoor milk production is generally 

more controlled than pasturing, dairy farming is still a biological production subject to 

milk yield risk.  In response to a reduced or increased milk yield the farmer generally 

adjusts the feeding, especially the use of concentrate which is considered the marginal 

feed.  Indoor milk production may also result in a waste management problem, as 

manure can only be distributed on grassland during the summer months.  If more feed is 

purchased the waste problems increase due to limits on the amounts of manure that can 

be spread on grassland thus there may be a need for some open field crops into which 

manure can be plowed.  An additional factor is the presence of a milk quota that faces 

penalties for excess production.  All of these factors have to be taken into consideration 

in preparing a whole farm plan. 

4 Model 
The SSMO model in this paper is based on the LP model used by Asheim, Jorgensen, 

and Havrevoll (2001).  This model maximized net farm income for a representative 

dairy farm in the sub-artic region of Norway subject to constraints pertaining to labour, 

feed, animal production, governmental regulations, and geographical considerations. 

Data to develop the LP model for a representative (or average) farm came from the 

farm records for 72 dairy farms from the Account Results in Agriculture and Forestry 

for 1997 and 1998 (NILF, 1998; NILF, 1999).  Half of the farms were located in 

Nordland, 29% in Troms and 21% in Finnmark county.  Most farms in the accounts 

earn more than 50% of their income from the farm, and they are somewhat larger than 



average for farms in the area.  The average annual milk quota was 80,685 kg of milk 

and the area was 21.3 hectare. 

The representative farm model was stochastically optimised for three different risk 

scenarios.  From a sub-sample of 48 farms with annual yield and cost data for 10 years, 

3 farms were selected with different coefficients of variation (CV) for meadow yield 

(Table 1).  The farm selected for having the lowest CV for meadow and pasture yield, 

Farm A, also had the highest average yield, whereas the farm with the highest yield CV, 

Farm C, had the lowest average yield.  To make the representative farm model's 

meadow yields conform to the three sample farms, the yields were calibrated using a 

ratio of mean yields.  The three farms also have different agricultural area, milk quota, 

labour input and fixed costs that are incorporated into the LP model for an average farm. 

The LP model was stochastically optimised using the fixed costs, milk quota, and 

RHS for farm labour on the respective farms in Table 1.  The three farms differ more 

than their relative meadow yield risk: 

• Farm A has the lowest CV on meadow pasture yields.  The farm family is using 

the most hours of labour with 3,390 hours.  This farm has the smallest area and 

lowest milk quota, however, produces a high average meadow yield.  The labour 

input coefficients for the average farm in the LP model were adjusted to reflect 

labour used on the farm. 

• Farm B has the median CV on meadow pasture yield.  The family was working 

the smallest number of hours on the farm with 2,497.  The milk quota is 90,205 

kg and the average meadow and pasture yield were quite close to the sample 

farm.  The labour input coefficients in the model were adjusted to make labour 

use in the model conform to the farm labour input data. 

• Farm C has the highest CV on meadow pasture yield.  The family worked 2,956 

hours on the farm.  This farm had the lowest average yield of meadows and 

pasture; however, it had the largest farm area and milk quota together with the 

lowest fixed costs.  The input coefficients for labour on the sample farm were 

adjusted to make labour use conform to farm C. 

The average milk yields were 5,609 kg/cow for Farm A, 6,747 for Farm B, and 

6,224 for Farm C.  As the feed requirements in the model depend on milk yield, it was 

not necessary to tune it for each individual farm; rather the model automatically 

recalculated feed requirements as the milk and meadow yield were simulated. 



Table 1.  LP Model Parameters for Representative Dairy Farms in 

Sub-Artic Norway 

Costs in
Farm Mean CV Cultivated Pasture Summer Total Year 2000 Milk Quota

($) (kg)
A 492 8.4 172 30 1,100 3,390 32,851 78,724
B 316 16.7 214 38 650 2,497 36,880 90,205
C 216 27.6 340 61 1,200 2,956 28,960 100,407

Farm AreaForage Yields Labor Input

(FUM) (ha/10) (hours)

 
 

Risk was incorporated into the model by developing distributions for the stochastic 

variables on each of the three farms.  The stochastic variables for this analysis were 

identified as meadow yield, winter damage area, green fodder yield, and milk 

production per cow.  The distributions for stochastic variables on each farm were 

defined as multivariate empirical based on ten years of historical data.  Interdependence 

between the stochastic variables on each sample farm was modelled using the 

correlation matrix calculated from ten years of historical data.  A Bernoulli variable was 

used to determine whether there was winter damage based on the historical probability 

of winter damage for each of the farms. 

4.1 Model Validation 

The stochastic variables in the model were simulated for 100 iterations and hypothesis 

tests were performed to determine if they reproduced the observed distributions.  Green 

fodder and area planted variables were validated using the 2 Sample Hotelling T2 test of 

the mean vector, the Box's M test of the covariance matrix, and the Complete 

Homogeneity test, which simultaneously tests the mean vector and covariance matrix.  

All three of these tests failed to reject the null hypothesis that the simulated mean 

vectors and covariance matrices equal the observed values at the 95% confidence level 

for each of the three farms.  Additionally, the simulated frequency of land planted to 

green fodder exactly equalled the observed frequency of plantings on the respective 

farms. 

To validate meadow yields and milk production per cow the two sample Student-t 

test and the F test were used to test the mean and variance respectively for variables 

simulated as deviations from the mean.  For variables simulated as deviations from 

trend, a Student-t test and Chi-Square test were used to test the simulated sample against 

the trend forecasted mean and the historical standard deviation.  For all six yield and 



milk per cow variables, the simulated means and variances were not statistically 

different from their respective historical counterparts at the 95% confidence level. 

5 Results 
Table 2 summarizes the deterministic base values obtained by solving the LP model for 

the three farms.  The deterministic solution is the result of optimising the model with all 

stochastic variables set at their expected values.  Expected farm profit is $30,449 on 

Farm A and $30,575 on Farm C due to higher efficiency and more resources.  On Farm 

B profit falls considerably to $16,070 due to higher fixed costs, which are not 

compensated by higher than average resource availability or meadow yields, and the 

lower family labour input. 

Table 3 provides the summary statistics of the SSMO simulated values for output 

variables across the three risk assumptions.  The most notable result is that on Farm A 

and B the standard deviation on milk production while the coefficient of variation was 

7.6% on Farm C.  These results indicate the optimisation routine was generally able to 

maximize profit by producing the milk quota regardless of the forage yields or milk per 

cow yields, by tactically adjusting meat production, milk cow numbers, and purchased  

 

Table 2.  Deterministic LP Solution for Representative Dairy Farms in 

Sub-Artic Norway 

Farm A Farm B Farm C
Meadow for silage, ha/10 89 180 215
Meadow hay/silage/pasture, ha/10 74 0 106
Meadow replacement area, ha/10 10 11 19
Extraordinary replacement or GF 0 24 0
Sum meadow area, ha/10 172 214 340
Permanent pasture, ha/10 30 38 61
Roughage production, FUM 94,868 74,655 85,186
Average yield meadows-pasture, FUM 470 301 212
Purchase of roughage, FUM 0 345 417
Purchase of concentrate, FUM 15,715 33,434 41,472
Farm profit, $ 30,449 16,070 30,575
Meat production, kg 4,341 4,028 4,874
Milk production, kg 78,724 90,205 100,407
Milk receipts, $ 51,542 56,598 64,071
Number of cows 14.7 13.8 16.7
Milk yield, kg 5,559 6,747 6,224  
 



Table 3.  SSMO Solution for Representative Dairy Farms in Sub-Artic Norway 

Farm A Farm B Farm C
Farm Profit 

Mean 30,209 15,738 29,604
StDev 1,427 2,853 8,705
CV 4.7 18.1 29.4
Min 27,493 10,263 -40,677
Max 33,186 23,409 41,101

Milk Production 
Mean 78,724 90,205 99,647
StDev 0 0 7,606
CV 0 0 7.6
Min 78,724 90,205 24,352
Max 78,724 90,205 100,407

Milk Receipts 
Mean 51,428 56,388 63,660
StDev 454 538 5,006
CV 0.9 1 7.9
Min 50,645 55,581 15,534
Max 52,396 57,079 66,542

Number of Cows 
Mean 14.6 13.5 16.7
StDev 0.6 0.7 2
CV 3.9 5 12
Min 13.6 12.5 3.6
Max 15.8 14.4 19.8

Meat Production 
Mean 4,286 3,952 4,868
StDev 179 196 547
CV 4.2 5 11.2
Min 3,971 3,659 1,585
Max 4,721 4,203 5,772

Purchased Feed 
Mean 1,763 3,973 5,837
StDev 319 1,019 2,426
CV 18.1 25.6 41.6
Min 1,075 2,052 1,842
Max 2,374 6,117 9,502

Milk per Cow 
Mean 5,619 6,889 6,248
StDev 211 332 544
CV 3.7 4.8 8.7
Min 5,198 6,474 5,288
Max 5,998 7,407 7,239

( $ )

( kg )

( kg )

( FUM )

( $ )

( kg )

 



 

feed.  Adding milk and crop yield risk to the LP model reduced the average farm profit 

for all three farms relative to the deterministic solution (Tables 2 and 3).  Farms A and 

C saw average profit decline by more than 2% due to the presence of risk. 

Farm A had the lowest relative risk on profit due to having the highest yield and 

labour input, together with moderate fixed costs.  Farm B has the lowest farm labour 

input, the highest fixed costs, and somewhat more land and a larger milk quota.  As a 

result of these differences, the relative risk on farm profit for Farm B was 18%.  On 

Farm C the mean meadow yields are the lowest of the three and the most variable.  This 

is, however, compensated for by a considerably larger farm area, a high milk quota and 

high farm labour input, coupled with the lowest fixed costs of the three.  The average 

farm profit for Farm C is similar to Farm A in spite of the low meadow yields.  

Increased relative risk for profit on Farm C is explained by the farm's relatively greater 

meadow yield risk which prevents it from producing the milk quota in all situations. 

The results for the CV on meat production, milk receipts, and number of cows on 

Farms A and B are about the same (Table 3).  For Farm C the CV for these output 

variables is considerably higher.  These results are largely explained by the reliance on 

purchased feed by Farm C.  Purchase of concentrate feed is the main adjustment farmers 

undertake when forage yields and milk per cow are risky.  As can be seen from Table 3 

the CV of this variable increases substantially as the forage yield risks increases from 

Farm A to B to C. 

Due to differences in fixed costs among the farms, the CVs may not give a good 

understanding of the risks associated with farm profit of the three farms.  Figure 1 

portrays the approximate probability density function (PDF) for farm profit on the three 

farms from the SSMO results.  Farm profit PDFs indicate a great deal of variability in 

income for the sample dairy farms.  As the relative risk in meadow yields grows from 

Farm A to Farm C the PDFs spread out showing the effect of yield risk on farm profit 

risk.  The PDFs show the joint effects of different resource endowments and yield risk 

on each farm (Figure 1).  The increased yield risk from Farm A to B is largely offset 

due to the resource endowments on Farm B. 

5 Conclusions 
This paper demonstrates how SSMO can be used to quantify income risk for a farm 

business that is able to tactically adjust to risk from input availability.  The methodology  
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Figure 1.  PDF Approximations of Farm Profit for Representative Dairy Farms in 

Sub-Artic Norway 

 

facilitates analysis of a farm's response to risk by "annually" adjusting input use and 

output levels so as to maximize farm profit given the risky results for yields.  Firm level 

LP models can provide information on how inputs should be used to produce output 

levels that maximize profits, but do not indicate the level of income risk associated with 

the solution.  Stochastic simulation analyzes the risk but does not allow for input or 

output response by the firm to the effect of risky yields, prices, or input availability. 

Results of the stochastic optimisation analysis suggest that profit maximizing dairy 

farmers in the sub-artic areas of Norway will make tactical changes in meat production, 

concentrate purchases, and numbers of cows milked so as to produce their milk quota 

and thus maximize farm profit, when faced with yield risk.  Animals are either sent to 

slaughter early if forage is not available, or fed to heavier weights if forage is adequate 

to meet the needs of dairy cows.  Adjustments were made to the feed ration and number 

of cows milked (and months kept in lactation) in response to changes in stochastic milk 

yields per cow and forage production, so as to not exceed the milk quota. 

SSMO, as demonstrated here, can provide more information to producers than 

either deterministic LP models or stochastic firm level models.  The methodology 



allows analysts to probabilistically project how profit maximizing farmers will likely 

react in terms of changing their input use and output levels in response to policy and 

structural changes under risk.  By using Simetar, SSMO techniques can be applied to 

any LP or non-linear optimisation model programmed in Excel. 
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