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Abstract
For use in an Internet application on whole farm modelling we needed to deter-

mine a reasonable crop rotation given only the crops in the rotation and the number
of hectares of each crop. The crop rotation problem considered in this paper is there-
fore that of determining hectares of precrops for each crop. Crop rotation modelling
in general is traditionally done by using linear programming. In this paper we use
our problem as a starting point and model it by using network flow modelling which
essentially is linear programming with a special structure. This is generalized tocap-
ture more involved crop rotations. Because of the special structure of networks the
solution procedure becomes very simple. The emphasis in this paper will be onthe
modelling part.

1 Introduction

Crop rotation modelling is an important task in agriculturalplanning. There has been

many attempts to model this in the literature in which linearprogramming has played a

central role. Network flow modelling is basically LP-modelswith a special structure. The

purpose of this paper is to show how network flow modelling canbe used to model the

crop rotation problem.

El-Nazer and McCarl (1986) used a LP model to find optimal crop rotations after

having build a regression model to estimate yield. An LP model where crop rotations are

enumerated becomes large (many variables and restrictions).

ROTAT is a method developed by Dogliotti et al. (2003) to systematically generate all

possible crop rotations from a given number of crops satisfying a given set of rules (for

example crop succession criterions). However, no effort isdone to optimize the rotations.

Klein Haneveld and Stegeman (2004) develops a LP-model for solving the crop rota-

tion problem building on sequences of crops that can follow each other. They in fact uses

a max-flow problem to determine a cropping plan for one year after having allocated areas

to different sequences of crops. The model we describe in this paper is closely related to

their approach although we simplify the problem which then makes it possible to design

a network flow problem which describes the crop rotation problem.



This paper is organized such that we start with giving some history of why this prob-

lem turned up. Then we define the crop rotation problem that wemodel in this paper. We

give a little introduction to network flow modelling after which we model the crop rota-

tion problem by network models. Finally we give a discussionof the models and indicate

how to develop a solution procedure for the problem.

2 Background

In Denmark a lot of attention is paid to nutrients balances onfarms because of environ-

mental issues. Focus is on drinking water and protection of arable land. This means that

attention is paid to developing more sustainable production systems within agriculture.

With the general focus on nutrients balances, especially nitrogen balances, it is im-

portant to be able to perform a whole farm analysis of nutrients flow. Focus is on the

interaction between plant and husbandry production. The model is static meaning that the

results should be reasonable averages over some years rather than specific for one year

where special conditions are applied. This whole farm modelis referred to as FarmN.

It was decided that FarmN should run via the Internet. When running models via the

internet there is a trade off between how specific and precise(to for example location)

the models are and how many data the user have to input. More data input means more

precise models. But if the models require too many data, most users give up before any

results are shown. Therefore one should see a result even with a minimum of data-input.

One of the problems arising in the development of FarmN was toestablish a reason-

able crop rotation. We needed this as input to the husbandry production which in turn

produces nitrogen which is input to the plant production. The crop rotation had to be

reasonable in the sense that it is not an applicable production plan but more a reliable

average crop rotation over some years. In addition the crop rotation model should work

with a minimum of input. For this purpose we developed a crop-rotation model where

the input is the crops and hectares in the rotation and the output is a reasonable average

production plan. This is the problem dealt with in this paper.

3 Problem definition

Usually crop rotations are defined in terms of crop succession requirements and long

run yield is optimized. The results are the areas of which sequences of crops should be

produced and the area of each crop is unconstrained.



The crop rotation problem we were faced with where defined in terms of predeter-

mined crops and hectares of each crop. A crop rotation we define to be the same number

of hectares of each crop each year. The yield and the nitrogenrequirements of a given

crop depended on the precrop. The aim was therefore to build amodel which optimizes

the yield or nitrogen requirements of the crop rotation. In fact, we want to determine the

succession of the given crops such that the objective is optimized.

4 Method and terminology

The crop rotation problem will be modelled using networks, therefore a very short intro-

duction to networks and their terminology is given in this section. Readers familiar with

networks and network flows can easily skip this section.

Networks consists of nodes and arcs. A simple network is illustrated in figure 1. In

this network there are four nodes,A, B, C andD and five directed arcs,1 to 5, uniquely

determined by the nodes where the arc starts and where the arcends. The supply or
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Figure 1. A network

demand at a node is indicated bybi. If bi is positive it is a supply node and ifbi is negative

it is a demand node. ThenbA + bB + bC + bD = 0 in order for a solution to exist. Ifbi = 0

the node is called a transshipment-node.

The purpose of the network is to find a flow on the arcs such that supply and demand

is satisfied at every node. That is, the arcs represents the decision variables. This can be

formulated as an LP-problem which, for the example above, isthe following.

max cx

s.t. Mx = b

x ≥ 0
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The rows of the constraint matrixM of the LP will correspond to the nodes and the

columns of the constraint matrix corresponds to the arcs. ThereforeM is called a node-arc

incidence matrix. Solving an LP with this special structureis very easy and has very nice

interpretations. For example, the node-arc incidence matrix is unimodular which means

that the determinant of any square-sub-matrix of the incidence matrix is 0, 1, or -1. This

is utilized in the algorithm for solving the problem. The solution then becomes integer

automatically (as long as the hectares of each crop are integer). Another example is that

a basis in the simplex algorithm corresponds to a tree in the network.

5 Simple model.

A simple model for the crop rotation problem in section 3 is touse a transportation model.

A transportation model is a network where the nodes are separated in two disjunctive sets,

supply-set and demand-set, and for each supply node there are arcs to all demand nodes.

In the example illustrated in figure 2 we are given three crops, A, B and C which also has

to be precrops. Of these crops we havebi hectares each year,i = A, B or C. The decision
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Figure 2. A simple transportation model

variables are the number of hectares of cropi with precropj, wherei = A, B and C and

j = A, B and C. This is referred to asxij and is indicated by arcs between nodei and

j. The parameterscij indicates either yield or nitrogen requirements (the objective to be

optimized) for a hectare of cropj with precropi. If the combination of cropi as precrop

for crop j is not recommendable then the parametercij is negative for a maximization

problem or large positive for a minimization problem. Then asolution to the problem as

formulated will always exist but if one of the non-recommendable arcs is used, then the

crop rotation problem with the given crops and hectares doesnot have a solution.



A solution to the problem indicates number of hectares of each precrop-crop combi-

nation. In this model the hectares of precrop-crop combinations has to be the same all

years. Nothing is considered about field sizes and if the solution is operational possible

with respect to other factors (for example labour or weed control). In fact, a given so-

lution to the transportation problem does not indicate a unique rotation, when fields are

considered.

6 Model taking two precrops into account.

During the development of the above model it was argued that yield (or nitrogen require-

ments) in some crops, not only depend on the precrop, but alsoon the crop two years

back. Then we have to model the crop rotation over three years.

One way to do this is by the example network in figure 3 for threecrops (A, B and C).

This network describes a reasonable history for the crop production in a given year (Year

0). Year -1 refers to the crops grown the year before and Year -2 refers to the crops grown

two years before. In figure 3 we havebi hectares of cropi wherei = A, B or C. The nodes

labelled with one letter refers to a crop. The nodes labelledwith two lettersij refers to

that the year before cropi was grown followed by cropj. This means that arcs (which

represent decision variables) betweenij andjk indicates how many hectares of cropk

is grown withj as precrop andi grown two years before. Arcs between nodesi andij

represents the hectares where we last year grewj and before that grewi. Arcs from ij

to j represents hectares where we grow cropj with precropi, and these hectares has to

sum tobj. Now we control the number of hectares of each crop in Year -2 and in Year 0.

We also have to make sure that we have the specified number of hectares of each crop in

Year -1. To control this we have to add some extra constraintswhich sum up the hectares

of each crop in Year -1. For each crop we sum op arcs between nodesij andjk over i

andk and this has to equalbj. This corresponds to summing over the arcs with identical

linestyle in the figure. The model illustrated in figure 3 is therefore called a network with

side-constraints in the literature. The number of side-constraints for this problem will be

equal to the number of crops.

The arcs are the decision variables which means that coefficients regarding yield or

nitrogen are attached to those. Since we only considers optimizing production in Year 0

we only attach yield estimates to arcs betweenij andjk. The other arcs (fromi to ij

andjk to k) has coefficients 0 attached. These arcs makes sure that the given hectares are

fulfilled Year 0 and -2.
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Figure 3. Example network for three crops over three years.

7 Generalization

The type of model illustrated in figure 3 is characterized by two characteristics: Enu-

meration of possible sequences of precrops (Year -2 to Year -1) and possible sequences

of crops and precrops (Year 0 and the arcs from Year -1). In other words, a history of

sequences of precrops are established after which a production plan is determined.

When we generalize the model such that we are takingK year sequences into account

we have to enumerate all possibleK−1 sequences of precrops. Let the number of possible

crops beI. From all crops we have to build a tree as illustrated in figure4.

In figure 4 the nodes in the column under Year−k represents precrop combinations

consisting ofK − k crops. Of course, one shall only enumerate combinations that are

possible and consistent with good agronomic practice. Thistree consists of at most1 +

I + I2 + · · · + I(K−2) =
∑K−2

k=0 Ik for each crop.

When we have determined the possible precrop combinations oflengthK − 1 we
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Figure 4. Enumeration of all precrop sequences starting with cropi.

shall determine the production plan forL seasons. For each yearl = 0 (now) toL − 1

(theL’th season) we have a node column in the network consisting ofI(K−1) nodes, one

node for each crop combination of lengthK − 1. There will be an arc between nodeA

and nodeB if the lastK − 2 elements of crop-sequenceA is identical to the firstK − 2

elements of crop-sequenceB. The coefficient attached to this arc is the revenue or costs

associated with growing the last crop in the sequenceB with precrop combinationA in

the year indicated by the column where nodeB belongs.

If any crop combinations are undesirable we leave out the nodes corresponding to

those. Since an arc between two nodesA andB establishes a unique crop-sequence of

lengthK we also have to make sure that arcs corresponding to undesirable crop combi-

nations are left out of the model. This can be done either by leaving out the arc or by

penalizing the objective coefficient attached to the arc. Then if the arc is used in the opti-

mal solution, it means that the problem where the arc is left out does not have a feasible

solution.

Now we only need to control the number of hectares of each cropeach year. These

are the conditions that gave rise to the different linestyles in figure 3. That is, the hectares

are controlled by summing the arcs. For the arcs between Year−k and−k + 1 we refer

to the hectare requirements as the sideconstraint which foreach cropi sum all the arcs

leaving nodes where the last crop in the crop-sequence isi. This sum has to equalbi.

The arcs between Year−(K − 1) and Year−(K − 2) fulfill the hectare requirements by

construction. Fork = 2 to K − 2 the arcs have to fulfill the hectares requirements.



Also, the hectares requirements has to be fulfilled during the production plan. This

means that forl = 0 to L− 1 the requirements has to be fulfilled for arcs from nodes cor-

responding to Yearl− 1 to nodes corresponding to Yearl. In order to control the hectares

in YearL − 1 we add an extra column of nodes, one for each cropi. From the nodes in

the column corresponding to YearL − 1 we add arcs to the new node corresponding to

the last crop in the crop-sequence (the crop produced YearL − 1). The demand of the

new nodes added is−bi.

The total number of sideconstraints will therefore be the number of crops multiplied

by (K−3)+L. These constraints has a very special structure which givesrise to very nice

interpretations in a solution procedure. This will not be discussed further in this paper.

The crop rotation problem has now been transformed into a network flow problem:

Find a flow of hectares through the network such that the side-constraints are satisfied.

The formulation above can easily be modified to describe the crop rotation problem

where the hectares of each crop does not need to be controlledeach year. In order to

enumerate all precrop combinations we start the enumeration as illustrated in figure 5.

The enumeration starts in Year−K where we haveb hectares of land to distribute between
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Figure 5. Enumeration of all precrop sequences when we have no hectares requirements.

the I crops in Year−(K − 1). Now we do not have any side-constraints since there

are no hectares requirements. The final change is that from the nodes in the column

corresponding to YearL− 1 we add arcs to one node, which has demand−b. That is, we

only add one node in the final column instead of one node for each crop. Now the crop

rotation problem is a matter of finding a flow of hectares through the network. Since we



do not have any sideconstraints, this problem is in fact easier to solve.

8 Discussion

The purpose of this paper has been to show how the crop rotation problem can be modelled

using network modelling. As with ordinary linear programs the number of constraints and

decision variables explode with the number of crops and the number of precrops taking

into account. The advantage in network modelling is the structure of the problem which

can be exploited in solution procedures. In addition, networks gives a visual and easy to

understand representation of the problem.

The modelling approach taking here does not consider specific fields. One could

imagine that the above model came up with a solution which will require half a field of

one crop and the other half of another crop. The same problem arises in the LP model

established in Klein Haneveld and Stegeman (2004).

Solution procedures for network models are taught in many LP-courses. One refer-

ence could be Bazaraa et al. (1990). As comes to solving network problems with side-

constraints the algorithms depends on the structure of the sideconstraints. Recently the

network simplex algorithm has been developed for a problem where the sideconstraints

makes sure that the flow in some arcs are equal (Calvete (2003)). Another types of side-

constraints are those arising in multicommodity network flows where the structure is ex-

ploited in Detlefsen and Wallace (2002). The special sideconstraints arising in networks

developed in this paper remains to be exploited.
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